Abstract. In this note we investigate a problem formulated by Pleijel in 1955. It asks for the cone over a convex plane domain K having minimal surface among all cones over K with the same given height h. For cones based on reflection symmetric polygonal K we analyze the behaviour, as h ! 0 and as h ! y, of the position of the apex for the minimizing cone and characterize the coordinate of the limit points by necessary conditions. Furthermore, the question whether there are convex domains such that the minimal cone does not change with h is discussed. The results about the location of the optimal point in the limits h ! y and h ! 0 presented here give the more or less explicit algebraic coordinates of the optimal apex. A complete (but implicit) characterization of this point was given by B. Cheng in [1] .
Introduction and formulation of the problem
In the book ''Unsolved problems in geometry'' by Croft, Falconer and Guy [2, page 41] one can find the following problem, which was originally stated by A. Pleijel [3] in 1955. ''Let K be a convex set contained in a plane P in 3-dimensional space. Given h > 0 and a point xðhÞ in K, form the cone based on K with vertex distance h up the perpendicular to P through xðhÞ, and let AðxðhÞ; hÞ denote the surface area of this cone. For fixed h there is a unique x Ã ðhÞ for which AðxðhÞ; hÞ attains a minimum. How are the points x Ã ðhÞ related to K? If K is any polygon circumscribing a circle, then x Ã ðhÞ is the center of the circle. Is there any simple description of these points for other plane convex sets? In particular, is there a simple description of lim h!0 x Ã ðhÞ and lim h!y x Ã ðhÞ in terms of the geometry of K?'' Remark 1. A polygon is circumscribing a circle if and only if each tangent line to a side of the polygon is tangential to the circle. However, the sides do not have to touch the circumscribed circle (see for example Figure 3 ).
The present paper will give some answers to this question by A. Pleijel for reflection symmetric polygons. Independent of the shape of the plane domain K one might consider this question as the minimizing problem min xðhÞ A K AðxðhÞ; hÞ ð1Þ for a fixed height h. This is in fact a minimizing problem over a convex domain in R 2 and-at first glance-it seems to be solvable without great di‰culties. But is there an explicit easy-to-handle formula for AðxðhÞ; hÞ? In other words, is there a possibility to express the cone as the graph of a function uðxðhÞ; h; xÞ, with x ¼ ðx 1 ; x 2 Þ A K, for given height h and a fixed point xðhÞ? Knowing uðxðhÞ; h; xÞ, the surface of the cone is given by
which is for a convex set K a strict convex function in xðhÞ A R 2 . This can be seen as follows.
Fig. 2. Cones over convex sets
If the boundary qK of the convex domain is smooth enough, let us say of class C 1 , then the cone can be described by using a parametrization of qK. We describe the cone of vertex P h ¼ ðx 1 ðhÞ; x 2 ðhÞ; hÞ lying on a parametric curve GðtÞ, t A ½0; 2p (the boundary of K), with the help of its arc length parametrization gðsÞ ¼ ðg 1 ðsÞ; g 2 ðsÞ; 0Þ, s A ½0; l ðds ¼ jG 0 ðtÞj dtÞ, where l is the length of GðtÞ. In parametric form this cone is then given by f ðs; qÞ ¼ qP h þ ð1 À qÞgðsÞ ¼ and the Jacobian Jð f Þ, given by 
For a convex set K the last condition cannot hold (unless K is a line segment). Therefore, both eigenvalues are strictly positive, and the function is strictly convex. Obviously, when h ! 0 both eigenvalues disappear.
Since AðxðhÞ; hÞ is strictly convex on bounded convex domains, the uniqueness of a minimal point x Ã ðhÞ is guaranteed. Furthermore, for reflection symmetric convex domains with only one axis of symmetry the strict convexity implies that the optimal point x Ã ðhÞ must lie on the symmetry axis for every fixed h. Thus, x Ã ðhÞ is either in the interior of K or coincides with one of the intersection points of the symmetry axis with the boundary of K.
In his paper ''On a problem of A. Pleijel'' B. N. Cheng [1] locates the limiting point as h ! 0 and as h ! y implicitly via a special boundary parametrization and the radius-of-curvature function r of qK. Using variational arguments he shows that the unique point x Ã ðhÞ approaches the origin of the polar coordinate parametrization of qK whose support function lðfÞ is characterized by Furthermore, he shows that these characterizations are su‰cient to determine the limiting points, if the domain is strictly convex. The disadvantage of this result lies in the fact that it does not explicitly give the coordinates of the optimal points.
However, it is possible to use Cheng's result to charaterize those smooth convex domains, for which the optimal point has to be independent of the height h. where F ðfÞ has a Fourier expansion of the form
Note that the Fourier expansion has no term for k ¼ 1. Aside from the result of B. Cheng it seems rather impossible to get more information from this variational approach.
Some useful definitions and first observations
The goal of the present paper is to localize the optimal points for some special domains explicitly. For the sake of clarity, we start with some special cases and extend these results in the forthcoming sections. Let us introduce the following definitions first.
Definition 1. Any circle of maximal radius that is completely contained in K is called incircle.
Definition 2. The CMIC-set (centers of maximal inscribed circles) is defined as the set of all pointsx x in K satisfying distðx x; qKÞ ¼ max
Remark 2. For a convex domain K the CMIC-set is convex. Furthermore, the existence of a CMIC-set that is not a singleton implies that there is a straight line segment G 1 of qK, which is reflected along the CMIC-set to a second part G 2 of qK parallel to G 1 .
Direct consequences from these definitions, the convexity of the domain and the uniqueness of the optimal point for each fixed height 0 < h < y, are the following:
1. Suppose the domain K is centrally symmetric, then x Ã ðhÞ coincides with the center of symmetry of the domain and therefore it is independent of the height h. (See also Remark C in [1, p. 142].) 2. Suppose the domain K has only one axis of symmetry, then x Ã ðhÞ lies on this axis but might depend on the height h. Furthermore the CMIC-set lies on this axis, too.
These observations give the explicit location of the optimal point and thus characterize the minimizing cone for a large class of convex domains, containing circles, ellipses, rectangles and for example the so-called stadium.
Reflection symmetric convex polygons
Let us now denote the coordinate unit frame in R 3 withẽ e 1 ,ẽ e 2 ,ẽ e 3 . If K is a spatial closed polygon the surface area of a cone over K with apex in X :¼ ðx 1 ; x 2 ; hÞ ¼ ðxðhÞ; hÞ A R 3 is given by the formula
where y i denote the vertices of K for i A f1; . . . ; kg,ỹ y i is the position vector of y i , d d i :¼ỹ y iþ1 Àỹ y i is the direction vector of the edge y i y iþ1 , andx x is the position vector of the apex X .ã a nb b denotes the vector product of the two vectorsã a andb b. With k Á k we denote the Euclidean norm of a vector in R 3 . The closedness of the boundary qK implies
To see what impact a variation of X has on the surface of the cone we concentrate on one triangle first. The surface of a triangle is
and we have that 
Summing up over all triangles we get
We conclude that the extremality condition for the minimizing cone is given by:
'ðAðX ÞÞ points in direction ofẽ e 3 :
Thus the following three statements are equivalent:
1. The projection of 'AðX Þ on the ðx 1 ; x 2 Þ-plane vanishes.
2. 'ðAðX ÞÞ nẽ e 3 ¼0 0.
3.
Since K is a planar domain in the ðx 1 ; x 2 Þ-plane we see that ðñ n i nd d i Þ=kd d i k represents the slope of the facet and the direction of the lines of constant slope. Let us now formulate and prove an observation that has been, at least partially, mentioned by A. Pleijel himself. Theorem 1. Let K be a closed polygon in the ðx 1 ; x 2 Þ-plane, which is circumscribing a circle. Then x Ã ðhÞ is located in the center of the circumscribed circle for every h > 0.
Remark 3. In Theorem 1 the set K does not have to be convex (see Figure 3 below ).
Proof of Theorem 1. The tangency condition for each side of the polygon implies that all triangles of that cone over K with apex located over the center of the circle have the same slope. This implies that the projection on the ðx 1 ; x 2 Þ-plane P ðx 1 ; x 2 Þ ðñ n i nd d i Þ is obtained fromd d i by a 90 -rotation followed by a shrinking of a factor that is independent of i. Let us call this linear map F. Therefore, we have that
since K is a closed polygon. Obviously the above solution is independent of h. r Remark 4. From the assumptions of Theorem 1 we conclude that the solution with minimal surface area coincides with the constant slope solution. The latter one is preferred by architects and engineers for building roofs. To make the latter solution possible one changes from conical surfaces to surfaces having ridges in the common sense; let us observe that, for a generic convex polygon, the bounded slope solution is not a cone.
Remark 5. Theorem 1 also covers the case of triangles. Then the optimal point x Ã ðhÞ ¼ ðx
Þ is given by the common intersection of the angle bisectors, which also is the center of the inscribed circle. Remark 6. A simple consequence of Theorem 1 is the fact that for a reflection symmetric (convex) quadrangle the optimal point x Ã ðhÞ coincides for every h with the center of the inscribed circle.
Remark 7. The assumptions of Theorem 1 imply that the CMIC-set reduces to a singleton in this case.
However, using slightly modified arguments one can show the following result.
Theorem 2. For reflection symmetric hexagons, with two edges parallel to the axis of symmetry, the optimal point x Ã ðhÞ is independent of the height h. This point lies in the intersection of the angle bisectors of the quadrangle constructed by prolonging the two edges passing through the vertices on the axis of symmetry.
A given hexagon K ¼ fy 1 ; . . . ; y 6 g can be extended to a reflection symmetric quadrangleK K ¼ fy 1 ; z 1 ; y 4 ; z 2 g. In 'ðAðX ÞÞ ¼ 1 2 P 6 i¼1ñ n i nd d i the horizontal parts of n n 2 nd d 2 andñ n 5 nd d 5 cancel each other for any choice of the apex on the line of symmetry. By similarity there is a common factor l such thatd
Obviouslyñ n 1 ¼ñ ñ n n 1 ,ñ n 3 ¼ñ ñ n n 2 ,ñ n 4 ¼ñ ñ n n 3 andñ n 6 ¼ñ ñ n n 4 . Choosing x Ã ðhÞ as the common intersection of the angle bisectors of the polygonK K as above we get 
However, remembering the cancellation condition forñ n 2 nd d 2 andñ n 5 nd d 5 we see that the chosen location of x Ã ðhÞ is also the optimal one for K. As in Theorem 1, the choice of x Ã ðhÞ is independent of the height h. However, in contrast to the previous result, the solution here is not-in general-a constant slope solution: the slope of facets overd d 2 andd d 5 may be di¤erent from the slope of the other four facets.
In the same way one can proceed in the case of a reflection symmetric pentagon having two edges parallel to the axis of symmetry. In this case one edge must be orthogonal to the axis of symmetry. As before, we can extend the pentagon in a triangle by prolonging the two edges passing through the vertex on the axis of symmetry and the edge perpendicular to this axis. The intersection of the angle bisectors of the triangle gives us the optimal point x Ã ðhÞ for every h A 0; y½. This can be shown in the same way as in the case of the hexagon. Thus we have:
Theorem 3. For a reflection symmetric pentagon having two edges parallel to the axis of symmetry the optimal point x Ã ðhÞ is independent of h. This point lies in the intersection of the angle bisectors of the triangle constructed by prolonging the two edges passing through the vertex on the axis of symmetry and the edge perpendicular to this axis.
Let us now turn to reflection symmetric trapezoids. Up to similarities the following data describe the situation in full generality (compare Figure 6) . Therefore, we get: For the given situation this term does not depend on the location of the apex on the line through the origin in direction ofx x, but clearly h varies with that location. Settingw w 2 :¼x x À ðl; 0; 0Þ we get 
Substituting h ¼ x 1 tanðbÞ we get:
It is now possible to characterize when the point ðx
0Þ is located at the midpoint between ð1; 0Þ and ðl; 0Þ, and to come to a familiar situation. The solution of (7) 
Then we have
For l ¼ ð1 þ sinðaÞÞ=ð1 À sinðaÞÞ the quadrangle is circumscribed to a circle. (In this situation we have x 1 þ r ¼ l, x 1 À r ¼ 1 with r being the radius and r ¼ x 1 sinðaÞ.)
We can summarize as follows. Ã from h 2 and assuming the first two derivatives w.r.t. h 2 of A equal to 0 we get from (7):
The vector on the right hand side of the scalar products above does not vanish, hence the left hand side must be linearly dependent. Extracting from the corresponding vanishing determinant the nonzero factors l À 1 and Àl we get
Thus we get the following alternatives:
Summarizing the observations above we see that:
When all identities in (8) are violated, then the critical point changes with h.
If at least one of the identities (8) is satisfied, together with (7), the point X Ã is stable up to the second order with respect to h.
Position of the optimal point for general reflection symmetric convex polygons
As we have seen in the case of the trapezoid the location of x Ã ðhÞ might di¤er as h varies. It is the purpose of this section to investigate the location of x Ã ðhÞ as h ! y and as h ! 0. We shall show the following Theorem. To understand the proof of the Theorem, let us first look at two concrete examples and let us calculate the optimal points numerically for some very large and some very small heights. Example 1. Let us consider the polygon with vertices ðÀ2; 0Þ, ðÀ2; 1Þ, ðÀ1:6; 2Þ, ð7; 2Þ, ð7:5; 0Þ, ð7; À2Þ, ðÀ1:6; À2Þ and ðÀ2; À1Þ.
Using an implementation by Greg Spradlin [5] of the Nelder-Mead Method [4] with initial simplex y1 :¼ ð1:5; 0Þ, y2 :¼ ð2; 0Þ, y3 :¼ ð2; 0:5Þ for Maple 9.5, we get the following optimal points for di¤erent values of h. 
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Here we have not made use of the fact that the domain is symmetric. On the contrary, we used the Nelder-Mead method to minimize a function in R 2 directly.
Example 2. Let us now turn to a trapezoid with vertices ðÀ2; À1Þ, ðÀ2; 1Þ, ð7; 2Þ and ð7; À2Þ given in Figure 8 . In this case the numerical results suggest, too, that the optimal points converges, for h ! 0 and for h ! y to two distinct points in the interior of the domain K.
Now we concentrate on the case of a reflection symmetric polygon K ¼ fy 1 ; . . . ; y k g ðk b 8Þ. Without loss of generality we assume that k is even and that the polygon is reflection symmetric to the x 2 -axis. Furthermore, we assume that there are two edges that are parallel to the symmetry axis and that y 1 and y k=2þ1 lie on this axis. The extremality condition given by item 3 after (5) reduces to the equation
Therefore, critical points must satisfy
kðỹ y j Àx xÞ nd d j k hððỹ y i Àx xÞ nd d i Þ nd d i ;ẽ e 1 i ¼ 0: The symmetry assumption allows us to conclude that the optimal apex satisfies To simplify notations we set: 
The limit h ? T
The function Qðx; hÞ is continuous in h. Of course it is now possible to consider the limit h ! y. In this case one gets
as h ! y. Remembering that A i ðx 1 Þ ¼ a i x 1 þ b i we see that this time the equation
is a‰ne in x 1 and gives us the algebraic coordinates of the optimal apex. This is explicitly given by
Calculating this value for Example 1 we get in the limit h ! y the optimal point
Doing the same calculations also for Example 2 we see that in the case of the given trapezoid the optimal point in the limit h ! y is given by 
The limit h ? 0
To analyze the case h ! 0 we use the Taylor expansion of square root and see that for all h
Here we used the fact that
twice. Therefore, for small h the x 1 -coordinate of the optimal point converges either to a root of
or to a root of
The roots of the last product are given by
Therefore, if the optimal point coincides with one of these points ðz j ; 0Þ as h ! 0, it must coincide with either y 1 ¼ ðÀb 1 =a 1 ; 0Þ or y k=2þ1 ¼ ðÀb k=2 =a k=2 ; 0Þ, since all the other candidates lie outside of K.
Remark 8. For all j ¼ 1; . . . ; k 2 È É nfi Ã g we have that the points ð y 1; i ; y 2; i Þ and ð y 1; iþ1 ; y 2; iþ1 Þ lie on a line that intersects the symmetry axis in the points z j . For k=2 À 1 odd, the convexity of K implies that all roots lie outside of the interval ½y 1; 1 ; y 1; k=2þ1 . Thus the only candidates for the location of the optimal point are y 1 and y k=2þ1 , since all other possible candidates do not belong to K. Thus, neither one can be the optimal point in the limit h ! 0. Therefore, we conclude that in the limit h ! 0 the x 1 -coordinate of the optimal point will solve the equation 
Remarks on general convex domains
We still have some unanswered questions. What happens if we drop the symmetry assumption? We expect that the following is true: Conjecture 1. Let K be an arbitrary convex domain. Further suppose that the CMICset is not a singleton. For a given height h the optimal point x Ã ðhÞ will always lie on the CMIC-set.
On the other hand, we have no suggestion what happens when the CMIC-set is a singleton like in the case of the trapezoid. The characterization of the limiting points by B. Cheng [1] is the only result available in this situation so far. Thus it would be interesting to know the answer to Pleijel's question also in this cases. But let us close this article with the following: Conjecture 2. A su‰cient condition for convex domains K to have an optimal point, that does not depend on a given height, is that its support function solves the necessary condition (3).
